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ON FIXING SETS OF COMPOSITION AND CORONA 
PRODUCTS OF GRAPHS 

I. JAVAID* *, M. S. AASI, 1. IRSHAD, M. SALMAN 


Abstract. A fixing set .F of a graph G is a set of those vertices of the 
graph G which when assigned distinct labels removes all the automorphisms 
from the graph except the trivial one. The fixing number of a graph G, de¬ 
noted by fix{G), is the smallest cardinality of a fixing set of G. In this 
paper, we study the fixing number of composition product, Gi[G 2 ] and 
corona product, Gi © G 2 of two graphs Gi and G 2 with orders m and n re¬ 
spectively. We show that for a connected graph Gi and an arbitrary graph 
G 2 having I > 1 components G 2 , G^, ... G 2 , mn — 1 > /ia;(Gi[G 2 ]) > 

m fix{G 2 ^. For a connected graph Gi and an arbitrary graph G 2 , 

which are not asymmetric, we prove that fix{Gi 0 G 2 ) = mfix(G 2 )- Fur¬ 
ther, for an arbitrary connected graph Gi and an arbitrary graph G 2 we 
show that fix{Gi 0 G 2 ) = max{fix{Gi), mfix{G 2 )}- 


1. Introduction 

For readers convenience, we recall some basic definitions. A graph G is an 
ordered pair (U(G), E{G)) consisting of a set V{G) of vertices and a set E{G) 
of edges. The number of vertices and edges of G are called the order and 
the size of G respectively. If two vertices u and v are joined by an edge then 
they are called adjacent, otherwise they are called non-adjacent. The open 
neighborhood of a vertex u is N{u) = {n G ViG) : v is adjacent to u in G} 
and the closed neighborhood of u is N[u\ = N{u) U {«}. For a subset U of 
V{G), the set Ng{U) = {n G V{G) : v is adjacent to some u E U} is the open 
neighborhood of U in G. The number |iV('y)| is called the degree of v in G, 
denoted by degciv). We simply write deg{v) if the graph G is clear from the 
context. We denote the maximum degree of G by A(G). 

If S' is a nonempty set of vertices of a graph G then the subgraph of G 
induced by S is the induced subgraph with vertex set S, where the induced 
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subgraph if of a graph G is the subgraph of G such that whenever u and v 
are vertices of H and uv is an edge of G then uv is an edge of H as well. 

A graph homomorphism is a mapping between vertex sets of two graphs 
that respects their structure. More concretely, it maps adjacent vertices to 
adjacent vertices. A bijective graph homomorphism is called isomorphism and 
an isomorphism from a graph G onto itself is called an automorphism of G. 
The collection of all automorphisms of a graph G forms a group under the 
operation of composition of functions, denoted by r(G). 

A set V C V{G) is called a determining set if whenever g,h & r(G) such 
that g{v) = h{v) for all u G then g{u) = h{u) for every u G V{G), i.e., 
every automorphism is uniquely determined by its action on the vertices of T>. 
The determining number of a graph is the size of a smallest determining set, 
denoted by Det{G). Determining sets of graphs were introduced by Boutin 
in [2]. She gave several ways of finding and verifying determining sets. The 
natural lower bounds on the determining number of some graphs were also 
given. Determining sets are frequently used to identify the automorphism 
group of a graph. For further work on determining sets and its relation with 
other parameters see lai- 

The orbit of a vertex w is the set 0(w) C V(G) such that for every v G 0{w) 
there exists an a G r(G) such that a{w) = v and we say that w is similar 
to V, denoted by tn ~ u. An automorphism a G r(G) is said to fix a vertex 
w G V(G) if a{w) = w. The stabilizer of a vertex tc in a graph G is the set of 
all automorphisms of G that hxes w and is denoted by r^„(G). For T C D(G), 
an automorphism a is said to £x the set if for every w ^ iF, we have 
a{w) = w. The set of automorphisms that fix is a subgroup F^(G) ofF(G) 
and Fj-(G) = fj F^(G). A set T is called a hxing set of G if Fj-(G) = {e}, 

w&T 

where {e} is the identity automorphism. In [ 9 ], Erwin and Harary introduced 
an equivalent concept of the determining number called the fixing number of 
a graph G, fix{G), which is defined as the minimum cardinality of a fixing set 
of G. A hxing set containing fix{G) number of vertices is called a minimum 
fixing set of G. A vertex x G V{G) is called a fixed vertex if g{x) = x for all 
g G F(G), i.e., F3.(G) = F(G). A vertex x G V{G) is said to £x a pair (m,u) 
of similar vertices, if h{u) ^ v oi h{v) 7^ u whenever h G Fj.(G). For a pair 
{u,v) of similar vertices fix{u,v){= fix{v,u)) = {x E V{G) : g{u) 7 ^ v and 
giy) 7 ^ u for all g G F2.(G)} is called the hxing set relative to the pair (m,u) 
[IT] . A graph G is said to be asymmetric if automorphism group F(G) consists 
of just the identity element. All graphs considered in this paper are simple, 
non-trivial and have non-trivial automorphism group unless otherwise stated. 


2 


Fixing sets of graphs were further studied by Harary and Erwin in [lO] and 
it was noted that for any positive integer n > 1, fix{Kn) = n — 1, fix{Pn) = 

1 for n > 2 and fix{Cn) = 2 for n > 3 . The problem of distinguishing 
vertices of a graph has been studied using two approaches as mentioned in 
[To] , The hrst approach involves the concept of metric dimension/location 
number, introduced separately by Harary and Melter [ 7 ] and by Slater [T8] . 
The second approach uses the notion of symmetry breaking that was formalized 
by Albertson and Collins [ 1 ] and independently by Harary i U- In this 
approach, a subset of the vertex set is colored in such a way that all the 
automorphisms of the graph result in identity automorphism. This approach 
leads to the idea of hxing sets of graphs. In [lO], Harary and Erwin gave upper 
bounds for the hxing number of a graph in terms of the number of orbits under 
the action of r(G) and in terms of the order of r(G'). The notion of hxing 
set has its application to the problem of programming a robot to manipulate 
objects Hi. 

Metric dimension of composition product (also called lexicographic product) 
and corona product of graphs was studied in [131 [H] and in [ 19 ] , respectively. 
Motivated by the close relationship between the metric dimension and the hx¬ 
ing number of graphs(given in [iQ]), in this paper, we consider the composition 
product and the corona product of graphs in the context of hxing number. 

This paper consists of three sections including the introduction. In section 

2 and 3 , we give several results related to hxing sets and the hxing number of 
composition and corona product of graphs. 

2. Composition Product 

The composition product of two graphs Gi and G2, denoted by ^1(^2], 
is the graph with vertex set V{Gi) x V{G2) = {(a,^) | a G V{Gi) and 
V G V{G2)}, where (a,T) is adjacent to (&, w) whenever ab G E{Gi), or a = b 
and vw G ^(^2) [l2]. For any vertex a G V{Gi) and b G 1/(^2), we dehne the 
vertex set ^2(0) = {(a, t) G V{Gi[G 2\) \ v G V{G2)} and Giip) = {{v,b) G 
1 /(Gi[G2 ]) I V G H(Gi)}. Let Gi and G2 be two non-trivial graphs contain¬ 
ing k > 1 components G], Gl,... ,Gi and I > 1 components Gl, G^,... ,G2 
respectively with |H(G^)| > 2 for each j = 1,2, ...,/. For a* G V{G\) and 
1 < i < fc, we dehne the vertex set G2(a*) = {(a*,T)|T G ViG^)}. From the 
dehnition of Gi[G2], it is clear that for every (a, n) G H(Gi[G2]), deg{a,v) = 
degciia) ■ |H(G2)| -|- degG2{v) in Gi[G2]. If Gi is a disconnected graph having 
k >2 components Gj, Gf, ..., G^, then Gi[G2] is also a disconnected graph 
having k components such that Gi [G2] = G\ [G2] U Gj [G2] U ... U G^^ [G2] and 

each component Gj[G2] is the composition product of connected component 
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G\ of Gi with (^2, therefore throughout the paper, we will assume Gi to be 
connected. Using a result on the fixing number of a disconnected graph given 
in [ 15 ] and the fixing number of components of Gi[G2], we give a general for¬ 
mula for hxing number of Gi [G2] • Some useful results related to the structure 
and distance properties of composition product of two graphs are stated here: 

Theorem 2.1. [ 15 ] Let G be a graph having k > 2 components Gi, G2, ■■■, 
Gk with \Gj\ > 2 for all 1 < j < fc. Let H he the subgraph of G having 
those components of G which are not asymmetric, and Hi, H2,..., Hi are the 
subgraphs of G having mi, m2,... ,mi asymmetric components of G such that 
for Gi, Gj G Hr, r = 1 , 2 ,... , 1 , Gi = Gj, then 

i 

fix{G) = ^ fix{Gi) + y^mi-l. 

GiGH i=l 

Let G be a connected graph, then the distance between two vertices u and 
V in G, dciu, v), is the length of a shortest u — v path in G. 

Proposition 2 . 2 . m Suppose {a,b) and {a',b') are two vertices of Gi[G2]. 
Then 

{ dGj^{a,a') if a ^ a', 

dc^ib, h') if a = a'and degcM) = 0 ) 

min{dG2{b,h'),2} if a = a'and degG^{a) 7^ 0. 

Theorem 2 . 3 . [TT] Let Gi [G2] be the composition product of two graphs Gi 
and G2- For every a G r(Gi) and (3 G r(G2), there exist automorphisms fa 
and fy on Gi[G2\ given by 

fa{x,i) = {a{x),i), V a G r(Gi), 
fy{x,i) = {x,(5{i)), (3 e T{G2). 

Proposition 2 . 4 . [ 1 ^ Let Gi[G2] be the composition product of two graphs Gi 
and G2- For two different vertices a and b of Gi, every two different vertices 
G ^2(0) satisfy dGi[G2]{'^y = '^Gi[G2]('^)-2;) whenever z G ^2(6). 

Proposition 2 . 5 . [I 7 | Let Gi[G2\ he the composition product of two graphs Gi 
and G2 with G2 having I > 1 components Gg, ..., G2. For a E V{Gf and 

i,j G { 1 , 2 ,...,/} with i 7^ j, every two different vertices x,y E ^2(0) satisfy 

dGi[G2]iX:Z) = dGi[G2]iy,z) whenever z E G^(a). 

Let G be a graph. The number e{v) = max dGiu, v) denotes the eccentricity 

uev{G) 

of V. For 1 < i < e(u), the ith distance neighborhood of v is Ni{v) = {u E 
V{G)\dG{u,v) = t}. 
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From Theorem 2 . 3 , observe that to study the automorphisms of Gi[G2], we 
must keep in mind the automorphisms of both Gi and G2- We note that for 
any two graphs Gi and G2 ii a E 0 (b) for two distinct vertices a,b E V{Gi) 
then (a,i) E 0 {b,i) for all i E V{G2), where {a,i), {b,i) ^ V{Gi[G2\)- As we 
know that for a E 0 (b), degci{a) = degciib) and for any (a,i) E V{Gi[G<^), 
deg{a,i) = degci{a) ■ \V{G2)\ + degG2{i)- So, deg{a,i) = deg{b,i) in Gi[G2\ 
for all i E V{G2)- Suppose (a, i) ^ 0 {b,i), then there exists a vertex (c, i) 
in Ns{a,i), where 1 < s < e(a), and a vertex {d,i) £ Ns{b,i), where 1 < 
s < e( 6 ), such that deg{c,i) 7^ deg{d,i) in Gi[G<^. But then deg{c) 7^ deg{d), 
where c G Ns{a) and d E Ns{b), which contradicts the fact that a E 0 {b). 
Hence (a, i) G 0 {b,i) for all i E V{G2)- Similarly, for two distinct vertices 
G V{G2) if i E 0 {i) so, deg{j) = deg{i) in G2. Then for any a G Id(Gi), 
deg{a,i) = deg{a,j)- Also, {a,k) is adjacent to (a,i) in Gi[G2\ if and only 
if k is adjacent to i in 6*2. So, the degree sequence of neighborhood of (a, i) 
must be same as of (a, j). For otherwise, j ^ 0 {i) and hence we conclude that 
(a,j) G 0 (a,i)- Hence, we have the following result: 

Lemma 2.6. The following assertions hold in the composition product, Gi[G2\, 
of two graphs Gi and G2 ■ 

(i) If a E 0 {b) in Gi, then {a,i) E 0 {b,i) in Gi[G2\ for all i E V{G2)- 
(a) If j E 0 (i) in G2, then (a,j) G 0 (a,i) in Gi[G2\ for all a E V{Gi). 

Lemma 2.7. [H] Let G be a graph. If there exists an automorphism a of G 
such that a{u) = v, where u,v E V{G) with u ^ v, and dciu^x) = dciv^x) 
for some x E V{G), then x ^ fix{u,v). 

From Propositions 12.41 and 12.51 and Lemma 12.71 we have the following two 
lemmas: 

Lemma 2.8. Let Gi[G2\ he the composition product of two graphs Gi and G2. 
For a pair of distinct vertices a,b E V{Gi), if z E G2{b), then z ^ fix{x,y) 
for all x,y E G2{a). 

Lemma 2.9. Let Gi[G2\ he the composition product of two graphs Gi and G2 
with G2 having I > 1 components G\,G2,... ,^2- Then for a E V{Gi) and 
X E G^ia), X ^ J^{Gl{a)), I < i, j < I and i 7^ j. 

Theorem 2.10. Let Gi[G2\ he the composition product of two graphs Gi and 
G2. If T is a minimum fixing set for Gi[G2\. Then for a G V{Gi), IF {a) = 
n G2 (n) 7^ 0 and IF {a) is a fixing set for G2 («) ■ 

Proof. Suppose IF {a) = 0 . As Gi[G2] is not asymmetric, so 7^ 0 . By Lemma 

12.81 any 2; G V{Gi[G2\) \ G2(a) will not £x the vertices of G2(a). Since G2 is 
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not asymmetric, there exist at least two vertices x,j/ G (^2(0) such that x ^ y, 
a contradiction. Hence, J^{a) is non-empty. Moreover, J^{a) is a hxing set for 
6*2(0), otherwise T is not a hxing set for Gi[G'2]. □ 

Theorem 2.11. Let G'i[G2] he the composition product of two graphs Gi and 
G2 with G2 having I > 1 components G\,G2,... ^G2 G2 is not asym¬ 

metric. If iF is a minimum fixing set for 6*1 [G2]. Then for a G V{Gi), 
J-'i{a) = iF n G^ia) 7^ 0 and IFi{a) is a fixing set for 6*3(0). Moreover, if Ti is 
a minimum fixing set for G2! then \IFi{a)\ > \IFi\. 

Proof. Suppose F'i{a) = 0 . By Lemma ESI any z G H(6*i[6'2]) \ 6*3(0) will 
not hx the vertices of 6^3(0). Since G2 is not asymmetric for each 1 < i < I, 
so there exist vertices x, y G 6^3(0) such that x ^ y, a. contradiction. Hence, 
F'i{a) is non-empty. Moreover, J-i{a) is a hxing set for 6^3(0), otherwise F^ is 
not a hxing set for G\ [G2] • 

Now, we have to show that \IFi{a)\ > \IFi\. Let IFi{a) = {(o,ui), (o,M2), 

(o, Mt)}, where t < \IFi\, and let S = {mi, U2, ..., Ut} be a subset of V (6*3). Since 
t < \IFi\, there exist at least two distinct vertices x,y E V{Gf) \ S such that 
X ~ y. Now, (o, x), (o, y) G 6^3(0), deg{a, x) = deg{a, y) and also (o, x) (a, I/) 
in 6*1 [G2], which contradicts the fact that is a hxing set for 6*1 [6*2]. Hence, 
t>\J^i\. □ 

Lemma 2.12. Let Gi and G2 be two graphs with G2 having I > 1 components 
6*2, G2,..., G2. Let F he a fixing set for Gi[G 2\ and a E V{Gi). If IF [a] = 

i 

IF n 6^2(0), then |J^(o)| = ^ fix{Gl). 

i=l 

Proof. Let IFi be a hxing set of 6*3 for i G { 1 , 2 ,..., /}. Now, consider a vertex 
set IF' = IJ IFi{a), where F'i(a) = {(a,x) | x G F'i}. Then choose IF{a) = IF'. 

l<i<l 

Since IFi is a hxing set of G^ for 1 < z < /, so Fi{a) hxes vertices in 6^3(0), which 

i 

implies that F{a) hxes the vertices in 6*2(0). Thus |J^(a)| = ftxifG'f). □ 

i=l 

To prove a result for the bounds of hxing number of composition product 
of two graphs, we hrst hnd hxing number of some simple families of graphs. 
For instance, consider Gi = Pm be a path graph of order m > 2 and G2 
be a graph having I > 2 components 6*3 (1 < z < /) each of which is a 
path graph of order zz > 2. Since each component of G2 is a path, so 

i 

fixi^Gf) = 1 implies that ftx{G''2) = 1 . Also, to hx each 6*3(0) in 6*1 [6*2] 

i=l 

for every a E H(6*i), we need to hx one vertex of 6^3(0). In this way, we 

need to hx I vertices to hx 6^2(0) for a G H(6*i). Thus, to hx Gi[G2\, we 
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have to fix ml vertices of Gi[G2] so the fix{Gi[G‘2\) = ml. Now consider 
Gi = K2 he a. complete graph and G2 = {n > 2) be a complete graph. 
Then in this case, Gi[G2\ is a complete graph with 2 n vertices, so we have 
fix{Gi[G2]) = 2 n — 1 = 2 {n — 1 ) + 1 = 2fix{G2) + 1 . 

Theorem 2 . 13 . For any connected graph Gi and for an arbitrary graph G2 
having I > 1 components Gl, G^, ... G2, 



\ ^ = 1 / 

where m, n are orders of Gi and G2, respectively. 

Proof. For npper bonnd, consider Gi and G2 both complete then Gi[G2\ is 
also complete so fix{Gi[G2]) = rnn — 1 . Now, to find the lower bound, we 
consider the following cases: 

Case 1 : For Z = 1 , G2 is connected and using the Lemma 12.81 and Theorem 


12.101 we have fix{Gi[G2]) = mfix{G2). 


Case 2 : For I > 2 suppose that no two asymmetric components of G2 are iso- 



because there exists a G F(G'2) with aiVi^Gf)) = ^(G^) then the map 7 
{i,a) is an automorphism of Gi[G2]. 


□ 


Definition 2.14. Let Gi[G 2 ] he a composition product of two graphs Gi and 
G2. We refer the projections pci cind pc2 the corresponding Gi-coordinate or 
G2- coordinate. That ispc^iu, v) = u andpG2{u, v) = v for (u, v) G V (Gi[G2]). 

Lemma 2.15. IfGi and G2 are asymmetric, then Gi [G 2 ] is also asymmetric. 

Proof. Let Ua be the projection of all the vertices of G2{a). Let T be a graph 
with V{Y) = {ua I a G C(Gi)} and UaU^ G E{Y) whenever ab G E{Gi). 
Thus Y is isomorphic to Gi. Since Gi is asymmetric, so Y is also asymmetric 
and hence no vertex of G2(a) is in the orbit of any vertex of G2{b) for b G 
l/(Gi), where b ^ a. Since G2 is asymmetric, so by Lemma lT6f ii). for distinct 
i,j G C(G2), i ^ G>{j) implies that 0 {a,i) 0 0 {a,j). That is, G2(a) is also 
asymmetric for any a G V{Gi). Hence, Gi[G2] is asymmetric. □ 

Lemma 2.16. Let Gi and G2 he two graphs with G2 is asymmetric. Then 


^a;(Gi[G2]) = /zx(Gi). 
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Proof. Since G2 is asymmetric graph, so no antomorphism of Gi[G2] maps 
vertices of (^ 2 ( 0 ) to vertices of G2{b) for distinct a,b G V{G). Let Ua be the 
projection of all the vertices of G2{a) and y be a graph with V(Y) = {ua | a G 
y(G'i)} and UaUb G E{Y) whenever ab G E{Gi). Thus Y is isomorphic to Gi, 
and hence Ua G 0 {ub) in Y if and only if a G 0 {b) in Gi, which implies that 
fix{Y) = fix{Gi). Hence, fix{Gi[G2]) = fix{Gi). □ 

3. Corona Product of Graphs 

Let Gi and G2 be two graphs with |l/(Gi)| = m and \V{G2)\ = n. Their 
corona product is denoted by Gi O G2, is the graph obtained from Gi and G2 
by taking one copy of Gi and m copies of G2 and joining each vertex from 
the i*^-copy of G2 by an edge with the i*^-vertex of Gi. Let Ui G V{Gi) then 
Gi = iVi^Ei) be the copy of G2 corresponding to the i-th. vertex of Gi. We 
dehne Vi = • • • Wn} where n* denotes the j-th vertex of the copy 

G2 corresponding to the Tth vertex of Gi. For any integer fc > 2 , the graph 
GiQ^G2 is recursively dehned from G1OG2 as Gi©^G2 = (Gi0^“^G2)©G2 and 
hence the order of Gi©^G2 is m{n + l)^. In this section, we prove some results 
on the hxing number of Gi ©^ G2. For instance, we show that for a connected 
graph Gi and an arbitrary graph G2 with |I/(Gi)| = m and |y(G2)| = n, 
fix{Gi © G2) = mfix{G2). Further, fix{Gi ©^ G2) = m{n + 1 )^~^fix{G2). 

Lemma 3.1. No asymmetric graph G on n vertices contains two or more 
vertices of degree n — 1 . 

Proof. Suppose contrarily that there exist two distinct vertices a,b E V (G) 
such that deg{a) = degib) = n — 1 , then N{a) = N{b) and hence there exist 
an automorphism a such that a{a) = b and a{c) = c for any other vertex c of 
G, a contradiction. □ 

Lemma 3.2. If G is an asymmetric graph on n vertices G + Ki is also asym¬ 
metric. 

Proof. Let V{G + Ki) = V{G) U {n}. Suppose contrarily that G + iFi is not 
asymmetric then there exist at least two distinct vertices a,b G V{G + Ki) 
such that a G 0 {h). Now there are two cases: 

Case 1 : a, 6 G ^(G). Then a G 0 {b) in G leads to a contradiction. 

Case 2 : a = V and b G ^(G). Then degc+Kiiv) = n = degc+Kiib), which is 
not possible by Lemma 13.11 □ 


Theorem 3 . 3 . Let G be a graph. Then there exists a fixing set E for G + Ki 
such that E C ^(G). 




Proof. Let V{G + Ki) = V{G) U {u} and be a fixing set for G + Ki. If 
V ^ T, then nothing to prove. Let n G Since is a fixing set, there exists 
X G V{G) snch that a: ~ n. Then \ {n}) U {x} C V{G) is a fixing set for 
G + Ki. □ 

Lemma 3.4. Let Gi he a eonnected graph and G2 be an arbitrary graph. Then 
for two distinct vertices Mi,M2 ^ ViGi), v'j ^ for all G l2- 

Proof. Let Vp,Vq G Vi snch that Up G 0 (Vg). Since for any G V2, d(Vp,Vj) = 
d(Vg,Vj). Then by Lemma [ 2.71 any vertex of Gi is not fixed by n|. □ 

For G Vi snch that v\ ~ nj, d{vl,Vj) = d{vl,Vj) for any Vj G Vj so by 
Lemma 12.71 we have the following proposition: 

Proposition 3.5. Let Gi = (V, E) be a connected graph and G2 he an arbitrary 
graph. Let Gi = {Vi^Ei) he the subgraph of Gi © G2 corresponding to the i^^- 
copy of G2. Ifvl,vl G Vi, then fix{vl,vl) OVi ^ ^ and fix{vl,vl) OVj = ^ for 
3 - 

Lemma 3.6. Let Gi = (V, E) be a connected graph and G2 be an arbitrary 
graph with 117(6*1)1 = m and |I7(G2)| = n. Let Gi = {Vi^Ef) he the subgraph of 
Gi 0 6*2 corresponding to the P^-copy 0/6*2. 

( 1 ) If E is a minimum fixing set of Gi Q G2, then E H Vi ^ for every 
i G { 1 , 2 , 3 , ...,m}. 

( 2 ) If E is a minimum fixing set of Gi 0 G2, then E nV = (/). 

( 3 ) If E is a fixing set of 6*1 © 6*2 then fl V) is a fixing set for Gi for every 
i G {l, 2 , 3 ,...,m}. 

Proof. (l)Snppose EnVi = (/), then by Lemma [ 2?71 no vertex of V) will be fixed 
by any vertex of Vj, where i ^ j. Since no Gi is asymmetric so there exists 
at least two vertices u,v G Vi snch that u G 0 (^v) and v G 0 {u), which is a 
contradiction to the fact that is a fixing set. So, E nVi (/). 

( 2 ) We will show that E' = E — V is a. fixing set for 6*1 0 6*2. By using 
Theorem 13.31 for every vertex Vi G V (6*1), there exists a fixing set Ei <PV (6*2) 
for {oj} + 6*2 for each i G { 1 , 2 , 3 ,..., m}. Also, E = (lEi is a fixing set for 
G\ © G2- Hence, the result. 

( 3 ) Assume contrary that is not a fixing set for Gi for some i, then there 

exists u,v E Vi such that u G 0 (pj) and u,v ^ E (PVi, then by using Lemma 
13.41 E is not the fixing set for Gi 0 6*2, a contradiction. □ 

Now we give the fixing number of corona product of a connected and an 

arbitrary graph that may or may not be connected and no graph is asymmetric. 
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Theorem 3.7. Let Gi be a connected graph and G2 be an arbitrary graph with 
|V^(G'i)| = m and \ V{G2) \ = n. Then fix{Gi © G2) = mfix{G2)- 

Proof. Let be a fixing set of Gi Q G2. From Lemma 13.61 ( 2 ), we see that 
nV = 0 . Moreover, from Lemma [ 3.61 flL for every i G { 1 , 2 , 3 ,m}, there 

m 

exist a non empty set iFi G Vi such that if = and by Lemma 13.61 ( 3 ), 

i=l 

m m 

is a fixing set for Gi. So, fix{Gi 0 G2) = |-F| = ^ \J^i\ = ^ fix{G2) = 

i=l i=l 

mfix{G2). □ 

Since Gi G2 = (Gi 0^“^ G2) 0 G2 for any positive integer k i.e we join 
a copy of G2 at each vertex in Gi 0^“^ G2 and \Gi G2I = rn{n + 1)^“^. 
Therefore we have m{n + new copies in fc-th corona and it suffices to 

fix these copies in order to fix the graph Gi G2. Therefore we have the 
following corollary: 

Corollary 3.8. Let Gi be a connected graph and G2 be an arbitrary graph with 
|l/(Gi)| = m and \ V{G2)\ = n. Then fix{Gi 0^ G2) = rn{n + l)^“^/ix(G2). 

Lemma 3.9. If Gi and G2 are asymmetric graphs, then Gi 0 G2 is also 
asymmetric. 

Proof. Note that, the graph induced by Vi is Gi and Gi = G2, hence Gi is 
asymmetric for each i = 1 , 2 , 3 , ••• ,m. Also, note that, Gi = Gj for any 
i,j G l/(Gi). Since Gi is asymmetric, so i ^ G(j) for any i,j G V{Gi) in 
Gi © G2. Hence, Gi © G2 is asymmetric. □ 

Now we give the fixing number of corona product of two graphs Gi and G2 
that may or may not be asymmetric where Gi is connected and G2 may or 
may not be. 

Theorem 3.10. Let Gi and G2 be two arbitrary graphs with Gi is connected 
and |ld(Gi)| = m and\V{G2)\ = n. Then fix{GiQG2) =max{fix{Gi),mfix{G2)}. 

Proof. We have three cases: 

Case 1 : Gi and G2 are asymmetric. 

Since Gi and G2 are asymmetric so by Lemma ESI G10G2 is also asymmetric. 
Hence, fix{Gi 0 G2) = max{fix{Gi),mfix{G2)} = 0. 

Case 2: Only G2 is asymmetric. 

Since G2 is asymmetric, so fix{G2) = 0 . Hence, fix{GiQG2) = max{fix{Gi), 
mfix{G2)} = fix{Gi). Now we justify that fix{Gi 0 G2) = fix{Gi). Note 
that the graph induced by Vi is Gi and Gi = G2 hence Gi is asymmetric for 

each i = 1 , 2 , 3 ,--- ,m. Since Gi is not asymmetric and Gj = Gj for any 
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i,j G V{Gi) so there exists an automorphism a G r(Gi © G2) such that 
a{i) = j and aiVi) = Vj. Hence, i G 0 {j) in Gi 0 G2 if and only if i G 0 {j) in 
Gi- Hence, fix{GiQG2) = fix{Gi). Therefore fix{GiQG2) = max{fix{Gi), 
mfix{G2)} = fix{Gi). 

Case 3 : Both Gi and G2 are not asymmetric. 

Since fix{Gi) < m, also G2 is not asymmetric so fix{G2) 7^ 0 . Hence 
max{fix{Gi),mfix{G2)} = mfix{G2) i.e. we have to show that fix{Gi 0 
G2) = mfix{G2). By Lemma ISTTl /ia:(Gi © G2) = mfix{G2)- Hence, the 
result. □ 
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